Introduction
There is a need for the development and implementation of reconfigurable manufacturing systems in today's highly changeable market (Koren, and Shpitalni, 2010) . Products are constantly getting more customised and product life cycles shorter (Haque, 2012) . Hence, there is a demand for smarter, more reconfigurable manufacturing systems which can hold up to that need. However, to be reconfigurable and automated at the same time is not an easy task. It relies on heavy engineering processes and the development of new machine configurations and layouts even before the system gets reconfigured. There is no time to experiment and halt the production until the perfect combination is achieved. For that purpose, a more automated approach to calculation, visualisation and analysis of efficient workspaces, machine configurations and decision-making support is required. The key of any manufacturing system is automation which requires the coordination of different machines to support manufacturing operations in a company. An automated design tool for the design and optimisation of kinematic structures for new numerically controlled machines is needed to enable complex manufacturing systems with reconfigurable characteristics.
Various manufacturers are focusing on the development of new methods related to the improvement of robot performance, cost reductions and new efficiencies through multi-robot control, safe control, force control, 3D vision, remote robot supervision and wireless communication (Brogårdh, 2007) . Many of these problems are important for mobile robotics (Yan et al., 2012) . They are the basis of flexible automation which enables mechatronic systems to act according to the changes which are frequently happening in manufacturing systems (Guerra-Zubiaga et al., 2010) . Accurate and robust mathematical modelling is usually the start of any design of new machinery. In mechatronic design, both mechanical and control systems are designed in an integrated approach (van Amerongen and Breedveld, 2003) . The preferred structure and parameters should be directly associated with the physical components. One of the main aspects of any mechatronic system is the mechanical system. In this paper, the authors are focusing on an example of an industrial robot and one mathematical approach for determining an optimal workspace.
Machinery workspace and efficient workspace
A mechanical system and its accurate mapping is usually the starting point in understanding how robots can be designed and used in manufacturing systems. Model-based control leads to control schemes that deliver greater performance. This may be in conflict with the cost reduction and optimisation design strategies. There is a trend leading to more complex kinematic and dynamic models' MultipleInput and Multiple-Output (MIMO) control schemes, variations of static and dynamic model parameters, increasing noise and disturbance levels, a larger number of low mechanical eigenfrequencies and enlarged nonlinearities (Brogårdh, 2007) . This all leads to the need for more careful mathematical modelling related to various conditions and situations which may happen in a manufacturing cell and that are directly related to the robot workspace.
The automated machines, such as industrial robots, are designed with various parameters such as number of Degrees of Freedom (DOF), link lengths, link offsets, joint types, payloads, desired accuracy, available workspace, singular space, etc. All of these constraints are the key elements that serve as a basis for the cell layout design. The kinematics and the related parameters are used for calculation of the machinery workspace and efficient workspace and they are dependent on the machine's path (Djuric and Urbanic, 2009) . It is very important to determine the 3D design envelope which would contain space for all of the industrial robot's trajectories, considering positions with possible DOF and its angle limitations. This problem is important from multiple points of view: production design, safety engineering, path analysis, robot programming and layout design. The machine trajectory is basically a series of connected points in 3D space, a 3D sketch, which is built from points, representing joints, and lines, representing links. Each point is defined with its relative position and orientation (a vector) related to the machinery's base frames or pre-defined user frame (absolute position).
The robot moves from point to point using the desired motion type (linear, arc or joint). Trajectory planning has two phases, the first of which is to check for machinery, if it can reach the selected part(s). This operation can be simply done by placing the part(s) inside the machinery's workspace.
Machinery workspace. The machinery's workspace represents a set of all reachable points by the tool frame without considering their orientation (Djuric and ElMaraghy, 2008) . To visualise the machinery's workspace, many available tools can be used. It is common that some of the accessible points cannot be reached with the desired tool orientation, even though it falls inside the workable space. For that purpose, an accurate and optimal machinery path generation along with visualisation is highly needed for successful use of pre-determined regions related to the application. These regions are named the machinery's work window.
Efficient workspace. The basic calculations of one single kinematic structure in efficient workspace were previously done by several researchers (Djuric et al., 2013a; Djuric et al., 2013b; Djuric et al., 2013c) . They investigated workspace boundaries for different DOF, joint types and kinematic structures utilising various approaches (Castelli et al., 2008; Cebula and Zsombor-Murray, 2006; Ceccarelli and Lanni, 2003; Yang et al., 2009) .
Previous research introduced a basic definition of the efficient workspace and has not resulted in any analysis of its shape as it relates to the robot's twist angle. In the comparison of all 6R robot kinematic structures, the main difference is in their joint positive directions which are determined with their twist angles. This motivates the researchers to analyse the influence of the twist angles to the shape of the efficient workspace when the tool is perpendicular. Results of this study could be used as a design tool for new robots' kinematics and their integration in a multiple robot work cell. This workspace analysis is very important for safety purposes in the production.
Many industrial robots work together in manufacturing systems and share their workspaces in the same space, as shown in Figure 1 (Curkovic et al., 2013) . Hence, management of their efficient workspace is important for their successful management. Source: Curkovic et al. (2013) 
Industrial robot Fanuc LR Mate 200iC
An industrial robot which was used for this study, as an example, is an electric, servo-driven mini-robot. It is a tabletop size robot designed for the following operations: machine tending, material handling, assembly, picking and packing, part washing, material removal, dispensing, testing and sampling, and for education and entertainment (Fanuc, 2009) . This robot has six DOF, can lift up to 5 kg at the wrist and it can flip over backwards for a larger work envelope. It can also work in high-speed applications and can be controlled via standard Ethernet or through ladderlogic-controlled peripheral devices. Its links are driven by a brushless AC motor and 110 VAC single-phase input voltage. Its J1 axis can revolve full circle. The compact design of this robot makes it convenient for various applications such as the one shown in Figure 2 when this robot was used at the Max Planck Institute for Plasma Physics (IPP) in Greifswald, Germany, for the inner walls of the fusion reactor (Foitzik, 2012) . The machinery efficient workspaces of the industrial robot Fanuc LR Mate 200iC are determined by specifying the four twist angles which appear in the reconfigurable (RT)(RT)(RT)RRR kinematic model. The latter is a special case of the general 6-DOF Global Kinematic Model (GKM) (Djuric et al. 2010) in which the Denavit-Hartenberg (D-H) parameters and the reconfigurable parameters are specified. The 6-DOF GKM is first introduced in Section 4. The values of the D-H and the reconfigurable parameters in the 6-DOF GKM are specified in Section 5 to realise the reconfigurable (RT)(RT)(RT)RRR kinematic model. The machinery efficient workspaces of the industrial robot Fanuc LR Mate 200iC are then identified by specifying the twist angles. The computational details and the results are presented in Section 6. The paper concludes in Section 7.
Introduction to 6-DOF global kinematic model
This research focuses on the novel approach for calculating the Reconfigurable Machinery Efficient Workspace (RMEW), for a complex reconfigurable kinematic structure. This approach will capture multiple machinery efficient workspace solutions, based on different twist angles. The main focus of this study is on analysis and visualisation of multiple efficient workspaces. This calculation is based on a previously developed and validated complex reconfigurable machinery kinematic structure named n-DOF Global Kinematic Model (n-GKM) (Djuric et al., 2010) .
Every joint has six vectors with different directions. These are defined with six possible joint directions (six for translation -x, y and z -positive and negative and six for rotationaround x, y and z -clockwise and counterclockwise) and are given with Figure 3 . The number of all possible configurations in one reconfigurable joint is 48 (C 6 = 48 * (48 -1) ). The graphical representation of this joint is shown in Figure 3 (Djuric et al., 2010) . Djuric et al. (2010) The Denavit-Hartenberg (D-H) parameters for this model are shown in Table 1 . In this model, each joint represents a combination of either rotational (R i ) or translational (T i ) joint types or any desired joint positive direction. The joint positive directions are determined by their twist angles ( i ), which are explained by the D-H rules (Denavit and Hartenberg, 1965 ).
Joint variable parameters d i (translational) and  i (rotational)
are shown in Figure 3 . Both translational and rotational joint variables are unified using two additional parameters. These parameters are d DHi (link offset along previous z to the common normal -when the related joint is rotational) and  DHi (joint angle about z, from old x to new x -when the related joint is translational). Link length of the common normal is given with the parameter a i, as given in Table 1 . Table 1 D-H parameters for a 6-DOF global kinematic model
Td  A serial link manipulator represents a series of links, which connect the end-effector to the base, with each link connected to the next by an actuated joint. If a group of coordinate frames are attached to each link, the relationship between two links can be described with a homogeneous transformation matrix using D-H parameters from 
The machinery-efficient workspace calculation
The reconfigurable parameters in the model which determine joint type and control sine and cosine of the twist angles are given as the following:
Rotational joint values:
1 and 0
Translational joint values: 0 and 1
The reconfigurable machinery can now be kinematically modelled by using the link transforms:
where 0 A n is the pose matrix of the end-effector relative to base;
A n1 is the link transform for the ith joint and n is the number of links. In this case of six reconfigurable joints, n is six. From the 6-GKM model, the most significant reconfigurable kinematic structure has been selected and named reconfigurable efficient workspace calculation for an (RT)(RT)(RT)RRR robot kinematic structure (see Figure 4 ). The related D-H parameters are given in Table 2 .
This model is a subset of the full reconfigurable model presented in Table 1 . These kinematic structures are related to each other and connected using the pre-determined reconfigurable parameters given in Table 3 . There are two categories of reconfigurable parameters. The twist angle's sine control parameter (K Si ) and the twist angle's cosines control parameter (K Ci ) are used to control sine and cosine of the twist angles. These parameters are calculated using equations (4) and (5) and the twist angle values given in Table 2 . Secondly, R i and T i which are used to control joints type (translational and/or rotational) are given in equations (2) and (3). The reconfigurable parameters of the reconfigurable (RT)(RT)(RT)RRR machinery kinematic structure are summarised in Table 3 . Figure 4 Reconfigurable (RT)(RT)(RT)RRR machinery kinematic structure (see online version for colours) Table 2 D-H parameters for (RT)(RT)(RT)RRR model
Td  
The homogeneous transformation matrices for the (RT)(RT)(RT)RRR machinery kinematic structure are 
The calculation of the 2D end-effector orientation space is dependent on the three joint angles: Joint 2, Joint 3 and Joint 5. A formula for Joint 5 is generated by assigning the initial angular positions for Joint 1, Joint 4 and Joint 6 in the forward kinematic solution. Equations (8) and (9) are used to determine Joint 1 at its initial position based upon values given in Table 3 :
Equation (7) is combined with equations (13) and (14) and the new homogeneous transformation matrix related to Joint 1 is calculated and presented in equation (15) 
Similarly, combining equations (10), (16) and (17), the new homogeneous transformation matrix related to Joint 4 is calculated and presented in equation (18) 
Combining equations (12), (19) and (20), the new homogeneous transformation matrix related to Joint 6 is calculated and presented in equation ( 
The rotational matrices for the (RT)(RT)(RT)RRR machinery kinematic structure are shown below: 3 3  3  3  3  3 3  3  3   2  3  33  3  3  3  33  3  3   3 cos 0 sin sin 0 cos 0 0 
By observing the homogeneous matrices, it is clear that the majority of the complexity of the model is involved in Joint 2 and Joint 3 (see equations [22] [23] [24] [25] [26] [27] . The relation between Joint 2 and Joint 3 is expressed and simplified using the following two equations: 
The tool perpendicularity condition is shown in Figure 5 . The reason that this condition was selected is that it is of prime importance in many manufacturing operations such as: painting, water jet cutting, material deposition, etc. 
The three matrix elements r 11 , r 22 and r 33 are determined in equation (31). Equation (31) satisfies the perpendicularity condition presented in Figure 5 and can be visually validated:
To force the tool frame to be perpendicular to the floor all the time, the reconfigurable rotational matrix has been calculated first in equation (32) 
6 Analysis of the machinery efficient workspace based on the twist angles for the Fanuc LR
Mate 200iC robot
The calculated Joint 5 in equation (33) depends only on some of the twist angle control parameters, K S1 , K S3 , K S4 and K C2 , and joint angle control parameters K 4cos and K 6cos . The application of the 6-DOF GKM for machinery efficient workspace, presented in this paper, is applied on a Fanuc LR Mate 200iC kinematic structure as a reference model, as shown in Figure 6 and Table 4 . All joints in this robot are rotational. Hence, all values of rotational parameters (R i ) have a value of 1 and all translational parameters (T i ) have a value of 0. If a coordinate frame is attached to each link, the relationship between two links can be described using the Denavit and Hartenberg rules (12) and the four related parameters presented in Table 5 . Dimensions are in millimetres (Fanuc, 2009 ).
For the fixed three joints,  DH1 = 0 or 180,  DH4 = 0 or 180,  DH6 = 0 or 180, and the tool perpendicularity condition, using the formula for Joint 5 in equation (33), a 2D Fanuc LR Mate 200iC robot efficient workspace is calculated and presented together with the related workspace in Figure 7 . This explains the difference between robot workspace and its efficient workspace related to desired applications. The workspace represents complete robot reachable space calculated without considering the end-effector orientation. The robot workspace will change when the end-effector orientation is included in calculation and limited by the selected application. Such a new space is called efficient workspace and it has a different shape. It is always smaller than the complete workspace. The presented efficient workspace is static, which means that the desired tool orientation is always fixed, perpendicular to the robot's base. The future research direction is to calculate the dynamic efficient workspace which would allow the change of the tool orientation. Table 6 .
The graphical representations of all 16 different efficient workspaces are shown via MATLAB tools in Table 6 . The analysis is made for the fixed link lengths and link offsets used from the Fanuc LR Mate 200iC robot. By observing Table 6 , it is clear that for  1 = -90 the efficient workspace is in the upper area. See cases 1, 3, 4, 5, 9, 10, 11 and 15.
For  1 = 90, the efficient workspace is in the lower area.
See cases 2, 6, 7, 8, 12, 13, 14 and 16 . The presented calculation and visualisation of the efficient workspace show that its shape and position can be controlled by the twist angles. Table 6 Efficient workspace analysis with respect to the twist angles  i (see online version for colours)
The presented methodology is applicable for calculation of the efficient workspaces of any reconfigurable kinematic model. It can be used for the design of a new kinematic structure related to the desired application(s). A quick comparison between existing kinematic structures can be done through the unified reconfigurable model and selection can be based on the shape and position of the efficient workspace. Several positions of the Fanuc robot with the approach vector pointing down have been created and used for model validation, as shown in Figure 8 .
The layout design using efficient workspace Fanuc LR Mate 200iC robot is shown in Figure 9 .
The application of the research findings is illustrated through the example shown in Figure 9 . This figure represents a segment of the production layout design. A robot is placed in the centre of the circle. A conveyer is placed on its right-hand side. The main assumption is that the robot needs to operate within the part which is moving on the conveyer, as shown in Figure 9 . The part is within the robot's workspace, but it is outside the robot's efficient workspace. This example provides a visualisation of the efficient workspace and shows that the robot can reach a part but is not able to operate for the desired application. Hence, visualisation of the robot's efficient workspace/s will serve as a design tool in production line planning for one or multiple industrial robots. 
Conclusion
A novel methodology for calculation, visualisation and analysis of the RMEW based on the twist angles has been presented and demonstrated through an example of the Fanuc LR Mate 200iC robot. The (RT)(RT)(RT)RRR reconfigurable machinery kinematic structure is selected from the n-GKM model and applied to the Fanuc LR Mate 200iC robot. The reconfigurable parameters are picked such as that the model unifies different twist angles (joint positive direction) and different joint types (rotational and/or translational). Using the forward kinematic solution where Joints 1, 4 and 6 are fixed, a 2D reconfigurable efficient workspace is calculated. This space is described such that Joints 2 and 3 vary between their limits, while Joint 5 is calculated to follow the perpendicularity condition. The calculations show that Joint 5's angular position depends on only four reconfigurable parameters: K S1 , K C2 , K S3 and K S4 . These parameters control the sine and cosine of the first four joints.
All 16 possible combinations for four reconfigurable parameters (K S1 , K C2 , K S3 and K S4 ) are used for the efficient workspace generation of the Fanuc LR Mate 200iC robot example. The visual outcomes of different efficient workspace shapes show that tool orientation significantly depends on the machinery joints' positive directions (twist angles).
This RMEW can be used as a design tool for new machinery kinematic structure. Because of its reconfigurable nature, it can be used as an efficient tool for selection of the optimal machine configurations for the desired tool orientation. This is an efficient tool for quick and accurate layout design, product design and production planning. The efficient workspace can help quickly and accurately locate the devices in the work cell. The example of placing the conveyer and parts to be reachable by the robot with a perpendicular tool is shown in Figure 9 . The part is inside the robot workspace, but it is still not reachable because of the tool's orientation. This efficient workspace tool helps to solve similar problems.
